Introduction
The sampling process is central in almost any domain because it provides the link between the continuous physical signals and the discrete time domain. The most common sampling theorem is probably the Shannon sampling theorem [1] appealing to signals of compact support in the Fourier domain. In this work we generalize Shannon's sampling theorem to signals with a compact support in the OLCT domain.
The OLCT [2] is introduced in section 2. The OLCT, also called special affine Fourier transform [3] , is a time-shifted and frequency-modulated version of the linear canonical transform (LCT) [2] , [4] - [6] . Therefore it is more general and flexible than the LCT. It is a class of integral transforms that provides a canonical formalism for the response of a very large class of physical systems. Many operations, such as the FT, FRFT [7] , [8] , FRST [9] , offset FT [10] , LCT, Gauss-Weierstrass transform [6] , time shifting and scaling, frequency modulation, pulse chirping, Lorentz squeezing [3] and others, are special cases of the OLCT. Any linear combination of the special cases of the OLCT yields also an OLCT. Thus, by developing a sampling theorem for OLCT we obtain a unified sampling theorem for all above mentioned transforms.
The condition for uniform sampling of signals with compact support in the OLCT domain is derived in section 3 and the respective interpolation formula is given. This sampling theorem generalizes previously developed sampling theorems such as Shannon's sampling theorem [1] , sampling theorems for signals bandlimited in the FRFT domain [11] - [14] , in the FRST domain [15] , and in the LCT domain [16] . It can be viewed as a special case of Kramer's sampling theorem [17] for linear integral transforms. However, it is much more explicit and therefore, is more practical.
One practical implication of the presented theorem is that it provides the sampling conditions for the output of any system that has a response described by the OLCT and that is stimulated by a bounded support input.
It is very instructive to understand the OLCT via its operation in the time-frequency (phase space) domain. The OLCT has a simple geometrical manifestation in the time-frequency domain; it performs an inhomogeneous affine mapping of the Wigner-Ville distribution (WVD) [18] , [19] of the signal. Based on this fact, we present in section 4 a heuristically and insightful interpretation of the OLCT sampling theorem in the time-frequency domain.
The theorem presented here generalizes and extends the sampling theorem presented in [16] . The novelty of the theorem here over that in [16] is five-fold. First, the sampling theorem presented here can be applied to a larger class of signals. For instance, in section 6 is shown an example of a type of signal for which the LCT sampling theorem [16] cannot be applied directly, whereas the OLCT can be. In order to apply the LCT sampling theorem [16] to such a signal, the signal needs to be preprocessed. Second, we provide here the interpolation formula which permits direct reconstruction in the sampled domain. The reconstruction in [16] is carried out in the LCT reciprocal domain.
Third, we present here an additional version of the sampling theorem that uses the properties of the OLCTed signal in the time-frequency domain. In order to use this version of the sampling theorem one needs not be familiar either with the LCT or the OLCT. Fourth, the theorem presented here holds for signals in Hilbert space ( )
, which consists of all square-integrable signals (in Lebesgue sense), whereas the LCT in [16] requires the signals to be absolute-integrable so that their inverse LCT integral formula holds everywhere. Fifth, we present a generalization of the Heisenberg-Weyl uncertainty principle to include OLCT pairs.
The OLCT
The OLCT with real parameters and ad-cb=1. The definition for case b=0 is the limit of the integral in (1) for the case b≠0 as 0 → b [6] . Some of the special cases of the OLCT are listed in Table 1 . Those relations can be easily verified by substituting the specific parameters A in Eq. (2).
For later use we note that the inverse of an OLCT with parameters 
The sampling theorem
where G(y) is defined by: The integral in (7) 
In this form, the sampling theorem resembles the common (Shannon) sampling theorem. It is easy to verify that with
, defining the (inverse) Fourier, transform we obtain Shannon sampling theorem [1] with the well known interpolation
. The sampling condition for the specific OLCT cases FRFT, FRST and LCT are shown in the last column in Table 1 . These results can be obtained from Theorem 1 and are in concordance with those obtained in references [11] - [14] , [15] , and [16] , respectively. Note that the sampling interval depends on parameter b. In the case of the FRFT, and in particular for the FT, this parameter is bounded 1 ≤ b setting the maximum sampling interval to . Therefore, in such a case the sampling condition is dictated by that of f(x), yielding the following sampling theorem:
is an orthogonal or Reisz basis (e.g., 
Proof: From definition (1) for the OLCT with b=0 we may express f(y) in terms of
which, taken at points 
Interpretation in time-frequency domain

The effect of the OLCT on the Wigner distribution
Let us consider the joint parameter (time) -frequency representation of f(x) obtained through the WVD defined by [18] , [19] :
The WVD of
Equation (14) can be verified directly from the definitions (1) and (13) or, alternatively, it can be proved by using the respective relation for the WVD of the LCT [20] together with the fact that the Hence from relation (14) it can be seen that the OLCT performs the most general linear inhomogeneous linear mapping of the time-frequency domain [3] : 
The inverse OLCT
The inverse of the mapping (15) 
Interpretation of the sampling theorem in the time-frequency domain
A heuristic interpretation of the sampling and reconstruction theorem 1 in the Wigner domain is as follows. Suppose that the support of the WVD of f(x) is as plotted in Fig. 1(a) . The OLCT performs an affine mapping (15) of the Wigner domain as shown in Fig. 1(b) . From simple geometrical considerations it can be seen that if
then the WVD of 
In corollary 1 we have changed the notations of the parameter and Fourier reciprocal from (y, ω y ) to (t, ω) to make it clearer in the context of common time signals.
Proof: Note that the conditions of the corollary are that of a function with Wigner domain as shown in Fig. 1 (b) . This function is the OLCT with parameters are reflected in the time-frequency domain. We assume that the signal f(x) has a compact support therefore its WVD is confined in the x direction as shown in Fig. 2 (a) . Since the signal is time limited it has an infinite Fourier bandwidth. However, for illustrative purposes we will assume that the signal is ε ω -concentrated [22] in the range Consequently, recovering the signal from samples below the Nyquist rate is possible [16] . Fig. 2 (d) shows the WVD support of time shifted and modulated f(x), corresponding to an OLCT with The instantaneous bandwidth and the sampling condition are the same as in Fig. 2 (d) . However, note that the interpolation formula (18) differs from that for the signal in Fig. 2 . This sampling condition is the same as derived using a different analysis in [16] .
Sampling condition and the uncertainty principle for OLCT pairs
Note 
The proof of relation (19) is given in Appendix A. Relation (19) can be used to study the joint localization of f(x) and ( ) y f Ã in a similar way as to that in which the Heisenberg-Weyl uncertainty principle is commonly used to study localization in time-frequency analysis (see for example [23] ).
From relation (19) we see that for a given ( ) }. An OLCT with parameters A={cosϕ,sinϕ,-sinϕ, cosϕ,0,0} relation (19) reduces to the uncertainty principle for FRFT pairs [24] .
VI. SIMULATION EXAMPLE
The sampling theorem is illustrated with the OLCT pair f(x) and Fig. 3(a) . However, this interval suffices to maintain the signal information in the transformed domain due to time spreading shown in Fig. 2(c) .
Conclusions
In this paper the common Shannon's sampling theorem for signals band limited in Fourier domain is generalized to signals band limited in OLCT domain. The sampling theorem can be applied to a large class of signals and system outputs. The sampling theorem developed can be regarded as a unified and extended version of previously developed sampling theorems for particular cases of the OLCT. In terms of time-frequency representation, the presented sampling theorem appeals to all signals that an inhomogeneous affine mapping of their time-frequency domain yields a time limited signal. In this work we also present the uncertainty principle for OLCT pairs which generalizes the well known Heisenberg-Weyl uncertainty principle. It is shown that the same transform parameter that governs the sampling rate also dictates the uncertainty relation.
APPENDIX A
PROOF OF THE UNCERTAINTY RELATION FOR OLCT PAIRS
Observe that by substituting Eq. (4) in expression (21) we have 
